This work is concerned with the determination of the effective conductivity and potential fields of a periodic array of spherically transversely isotropic spheres in an isotropic matrix. We generalize Rayleigh's method to account for the periodic arrangements of the inclusions. The inclusions considered in the formulation could be multicoated, generally graded, or exponentially graded. For the multicoated spheres, we derive a recurrence procedure valid for any number of coatings. We show that a ͑2 ϫ 2͒ array alone can mathematically represent the effect of the multiple coatings. For a graded inclusion, the method of Frobenius is adopted to obtain series solutions for the potential fields. For an exponentially graded sphere, we show that the admissible potential field in the inclusion admits a closed-form expression in terms of confluent hypergeometric functions. All these types of inclusions can be characterized by simple scalar coefficients T l in the estimate of effective conductivities. Simple orthorhombic, body-centered orthorhombic, and face-centered orthorhombic lattice structures are considered in the formulation. Numerical results are presented for selected systems with sufficient accuracy. We demonstrate that the anisotropy of the spheres can strongly influence the potential fields inside the inclusions. The effects of spherical anisotropy, multiple coatings, and the grading factor are also studied.
I. INTRODUCTION
This work is concerned with the transport properties of a periodic array of multicoated or graded spheres, with spherically transversely isotropic constituents, embedded in an isotropic matrix. Spherically transversely isotropic inclusions are characterized by two distinct conductivities in the radial and circumferential directions. An example of such microstructure is a spherulitic polymer in which the radial direction in each constituting sphere is an axis of local transverse isotropy. They appear, for example, in some graphite particles and in polymers such as polyethylene. 1 Since the corresponding constitutive relation is not invariant under a translation of a Cartesian coordinate system, the material in question is therefore inhomogeneous in the classical sense. In some applications, to reduce heat or stress concentration along the interface, interphase layers between the inclusions and the matrix are often introduced to act as thermal barriers. Such interphase layers ͑coatings͒ may have constant properties or spatially varying properties. Materials with spatially varying properties, referred to as functionally graded materials, have proven useful in engineering applications. 2 The main characteristic of spatially varying materials is the tailoring of graded composition to satisfy particular engineering applications.
Here we examine the effective conductivity of periodic composites with simple orthorhombic, body-centered orthorhombic, and face-centered orthorhombic lattice structures. 3 The inclusions considered in the formulation could be multicoated spheres, generally graded spheres, and exponentially graded spheres with spherically transversely isotropic constituents. To find the effective conductivity and field potential of the periodic array, we employ the method devised by Rayleigh. 4 Previous studies on composites with spherically anisotropic inclusions are not many. Among them, Dryden 5 studied the macroscopic elastic deformation of polymer spherulites. Chen 6 derived the thermoelastic moduli and conductivity of composites based on some micromechanical averaging procedures. He and Benveniste 7 found that the nested composite sphere assemblage with constituents of spherical anisotropy is one microstructure that can be resolved exactly. Relevant works on the periodic composites based on the Rayleigh method include studies of arrays of spheres, 8, 9 arrays of spheres with imperfect bonding, 10 arrays of coated cylinders, 11 arrays of elliptical cylinders, 12, 13 arrays of cylindrically orthotropic cylinders, 14 and arrays of coated spheres by Nicorovici et al. 15 Except for our recent work, 14 which considered the effective conductivity of a composite with a periodic array of cylindrically orthotropic cylinders, all other studies considered that the constituents are isotropic. Here we present a mathematical framework and detailed solution procedure for a periodic array with spherically anisotropic inclusions. We demonstrate that for homogeneous spheres or multicoated or graded spheres, the key terms to estimate the effective conductivity can all be expressed in simple forms through the scalar coefficients T l . These analytic expressions of T l provide a unified guideline in the estimate of the effective properties and field solutions for composites with periodic arrays of the considered inclusions. The paper is organized as follows. In Sec. II we first state the physical problem. We derive the admissible potentials for spherically transversely isotropic inclusions. For the multicoated spheres, we proposed a recurrence procedure analogous to a method originally devised for a multicoated cylinder. 16 We show that a ͑2 ϫ 2͒ array alone can mathematically simulate the effects of multiple coatings. As the number of constituent phases in the multicoated sphere increases and the thickness of each constituting layer diminishes, the piecewise variation of conductivities can be treated as a continuous variation along the radial direction. In this case, the multicoated sphere is regarded as a graded material. The method of Frobenius is adopted to obtain series forms of solutions for the potential function. For an exponentially graded sphere, we show that the potential field in the inclusion admits closed-form expressions in terms of confluent hypergeometric functions. In Sec. III simple formulas for the effective conductivity of the periodic composite are derived. Numerical results are presented in Sec. IV. We have computed the complete set of expansion coefficients within sufficient accuracy. It is found that the spherical anisotropy of the inclusions has a significant effect on the potential field of the inclusions. When the inclusions are simply isotropic, we have verified that our calculations agree with the previous known solutions. The effects of spherical anisotropy, multiple coatings, and the grading factor are examined. Lastly, some concluding remarks are made in Sec. V.
II. FORMULATION
We consider a composite medium consisting of a periodic array of identical spheres arranged in a homogeneous isotropic matrix with conductivity k m . The inclusions are spherically anisotropic with different conductivities in the radial and circumferential directions, denoted by k r and k , respectively. In addition, we consider that the inclusions could be multicoated, generally graded, or exponentially graded along the radial direction. Our objective is to assess the influence of spherical anisotropy and grading effects on the overall transport properties of this periodic composites.
For convenience, let us first introduce a Cartesian coordinate system ͑x 1 , x 2 , x 3 ͒ positioned at the center O of one of the spheres ͑Fig. 1͒. The sides of the rectangular parallelepiped parallel to the x 1 , x 2 and x 3 coordinates are, respectively, denoted by a, b and c, and the spherical inclusions are of the same size with radius . Without loss of generality, we apply a uniform intensity E along the positive x 1 axis so that ͉x͉→ϱ =−Ex 1 , where is the temperature potential. Under steady state conditions, the temperature field inside the unit cell ⍀ is governed by ٌ · ͓k͑x͒ ٌ ͔ =0 in ⍀, where k͑x͒ = k i if x V and k͑x͒ = k m I if x ⍀ \ V. Here k i denotes the conductivity of the inclusion which may possibly vary with x, I is the identity matrix, and V is the volume occupied by the spherical inclusion. At the interface ‫ץ‬V, the inclusion and the matrix are perfectly bonded. This means that the temperature potential and the normal component of heat flux are continuous across the interfaces
where n is the unit normal of the interface ‫ץ‬V. This periodic configuration implies that x 1 =−a / 2 and x 1 = a / 2 are planes of equipotential, and x 2 = ±b / 2 and x 3 = ±c / 2 are planes of uniform flow. That is, for the unit cell ⍀, the boundary conditions
prevail. Also, due to the symmetry configuration, we have the relations
It is seen that the basic framework follows parallel with that of Chen and Kuo. 
A. Multicoated inclusions with spherically transversely isotropic constituents
We first consider that the inclusions are multicoated spheres, with the same size of outer radius 1 . For convenience, let us denote the matrix as phase 0, with isotropic conductivity k 0 . The multicoated sphere consists of a core, with radius N , surrounded by ͑N −1͒ layers of coatings. The ith layer of the coatings occupies the annulus
Here the innermost core is solid so that we have N+1 = 0. We assume that each constituent layer of the multicoated sphere is spherically transversely isotropic. The constitutive relation for the ith layer is given by q = k ͑i͒ H, where The vector q is the heat flux vector expressed in spherical coordinate systems ͑r , , ͒ and H is the thermal intensity. The constants k r and k are the conductivities in the radial and tangential directions, respectively. Note that for the spherical coordinate, is the polar angle measured from the x 1 axis and is the azimuthal angle in the x 2 x 3 plane measured from the x 2 axis ͑Fig. 1͒. It is seen that two constants of conductivity describe this kind of anisotropy. In other words, the material is transversely isotropic in a Cartesian axis located in a generic point within the inclusion with three axes pointing in the radial and two tangential directions.
In spherical coordinates ͑r , , ͒, the potential field, fulfilling the governing equation, can be expanded as
By separation of variables, the admissible potentials in each constituent layer of the multicoated inclusion can be expressed as
where A l,m ͑i͒ and B l,m ͑i͒ , i =1, ... ,N, are unknown constants to be determined and
Note that the potential at r → 0 should be finite and thus we can set
and P l m denotes the associated Legendre function of degree l and order m. Note that to ensure the symmetry conditions ͑3͒, the indices l need to be odd and that the number m are necessarily even. The coefficient A 0 ͑i͒ represents the reference potential at the center O and hence can be set equal to zero for convenience. For the isotropic matrix, the temperature potential simply reduces to
We consider that the interfaces are perfectly bonded, thus the temperature and the normal component of heat flux are continuous across the interfaces,
͑11͒
The continuity conditions ͑11͒ lead to
where
and c i
For K l ͑1͒ , k ͑0͒ = 1 and the parameters l + ͑0͒ , l − ͑0͒ , and k r ͑0͒ simply reduce to
Now, repeated use of ͑12͒ will give
According to ͑8͒, we have
which implies that
Here ͓K ͑N,l͒ ͔ 11 represents the ͑1,1͒ entry of the matrix K ͑N,l͒ and similarly for ͓K ͑N,l͒ ͔ 21 . We mention that for N = 2 the result ͑19͒ agrees with the relevant solution of Nicorovici et al. 15 Here the connection ͑19͒ is valid for any arbitrary number of coatings. The formulation implies that the effect of the multiple coatings can be incorporated through a recurrence procedure and is solely represented by a ͑2 ϫ 2͒ array alone. This algebraic iterative procedure was first proposed by Ting et al. 16 in constructing a neutral multicoated cylinder in torsion and also by Chen 18 for a multicoated elliptical inclusion under antiplane shear. Here the concept is extended to a multicoated sphere. Of particular interest is when the inclusions are homogeneous. In this case, N = 1 and the potential field simply reduces to
As we impose a constant intensity along the x 1 direction, all sine terms in ͑20͒ and ͑21͒ are not included. In addition, ͑r , , ͒ is antisymmetric with respect to the x 2 x 3 plane, and thus only terms with odd l are allowed. Furthermore, due to the twofold symmetry of the rectangular arrays, only those spherical harmonics whose order m is an exact multiple of 2 are retained. The constant coefficient A 0 again can be taken to be zero for convenience. Thus we have A 0 = C 0 =0. To proceed, we now impose the continuity conditions ͑1͒ at r = 1 . These will give
We observe that the coefficient T l depends on the order l. This indeed differs with the case occurring in cylindrically orthotropic cylinders examined previously. 14 In fact, this explains that the effect of spherical inclusions, with spherically transversely isotropic symmetry, cannot be represented by a homogeneous isotropic sphere. We will address this point further in Sec. IV.
B. Generally graded inclusions
As the number of constituent layers of the multicoated spheres increases and the thickness of each layer diminishes, the sphere becomes graded along the radial direction with continuously varying radial and tangential conductivities. For convenience, we normalize the variation with respect to the inclusion's radius and write the conductivity tensor of the inclusions as
Now using ͑25͒ in the governing equation and setting i = R͑r͒Y l m ͑ , ͒, we are led to
͑27͒
We observe that the thermal conductivity k r and k are bounded and nonzero at r = 0. Equation ͑26͒ tells us that r = 0 is a regular singular point. Thus the method of Frobenius can be employed to find the series solution of R. To proceed, we let 
We now assume that
where ␥ t ͑n͒ and s are constants to be determined. Substitution of ͑29͒ and ͑31͒ into ͑26͒ leads to
The vanishing of the terms associated with t = 0 gives s = ±n 0 . Since R n ͑r͒ is bounded at r = 0, we cannot have s =−n 0 . Hence s = n 0 . The vanishing of the terms associated with t =1,2,..., yields
͑33͒
Thus all ␥ t ͑n͒ , t ജ 1, can be expressed in terms of ␥ 0 ͑n͒ , which can be determined by imposing the interface conditions. Thus, we have the potentials
for the inclusion and the matrix. Again, the terms related to the sines are disallowed by the symmetry and only terms with odd l are allowed to preserve the antisymmetry around the origin. To obtain the relationship between the coefficients Â l,m and B l,m , we impose the continuity conditions at the interface r = 1. This will give
C. Exponentially graded inclusions
Next we consider that the spherical inclusion is exponentially graded along the radial direction,
where ␤ is a given real constant. Of course when ␤ = 0 the inclusions reduce to homogeneous spheres. The assumption of an exponentially varying property is common in engineering literature in modeling functionally graded materials. Relevant works include Giannakopoulos and Suresh, 19 Martin et al., 20 Kuo and Chen, 21 and the references contained therein. The potential field in the inclusion is governed by
͑39͒
is a linear second-order differential equation, which has a regular singularity at r = 0, an irregular singularity at r = ϱ, and no others. and M͑·͒ and U͑·͒ represent the confluent hypergeometric equations. 23 As the function W , ͑x͒ becomes singular as x → 0 + , 24 the admissible potential in the inclusion takes the form
and the potential in the matrix follows ͑21͒, where the constants A l,m , B l,m , and C l,m are some unknown constants. Again, due to symmetry, only the terms with odd l are allowed to preserve the antisymmetry around the origin. Furthermore, due to the twofold symmetry of the rectangular arrays, only those spherical harmonics whose order m is an exact multiple of 2 are retained. In analogy to ͑23͒, the continuity conditions at the interface will provide two constraints between the coefficients
We mention that, in deriving ͑47͒, we have made use of the identity Once again, it is observed that the coefficients T l for a graded sphere ͑37͒ and for an exponentially graded sphere ͑48͒ depend on the order of l.
III. EFFECTIVE CONDUCTIVITY
To proceed, the potential fields need to further comply with the periodic conditions ͑2͒. To do this, we impose the consistency condition of Rayleigh's identity. 4 Note that for the present systems in which the inclusions are multicoated or graded with spherically anisotropic constituents, the consistency condition remains the same as that for isotropic ho-mogeneous inclusions. This can be seen from the fact that the identity can be constructed, due to the periodicity, by requiring that the potential in the matrix due to the source of the central sphere be equal to the sum of the sources from the remaining lattice sites by constant shifts of the origin. Specifically, the consistency condition takes the form
where the index p runs over all spheres except the one at the origin, ͑r , , ͒ is the spherical coordinate measured from the center of the central sphere, and ͑r p , p , p ͒ is the spherical coordinate of the point ͑r , , ͒ when measured in the local coordinate centered at the pth sphere. The last term can be expanded in terms of coordinate pth by the addition theorem 17 for spherical harmonics. Using the orthogonal properties of the spherical harmonics, we arrive at the following infinite linear system of equations: 
where ⌳ 3 denotes the set ͕͑ak 1 ,bk 2 ,ck 3 ͉͒k i Z,͑ak 1 ,bk 2 ,ck 3 ͒ ͑0,0,0͖͒. ͑53͒
The above system ͑51͒ constitutes an infinite set of linear algebraic equations which, by an appropriate truncation at a finite order M, can be resolved numerically for different lattices of inclusions. As defined in ͑52͒, the lattice sum L l m can be interpreted as the potential contributed by the whole inclusions except the central one; hence it depends on the absolute length of the unit cell. For convenience, we may introduce a normalized lattice sum L l m as follows:
which assumes that the length of the cell parallel to the x 1 axis is equal to unity.
Previous studies 4 reported that the sum L 2 0 is conditionally convergent and its value depends on the shape of the exterior boundary of the array.
The other lattice sums are absolutely convergent and can be obtained by direct summation. A list of nonzero lattice sums can be found in the references. 8, 10, 26 Our next task is to derive the effective conductivity from the potential fields. The major distinction with previous studies is that the inclusions are now spherically anisotropic and inhomogeneous. We start from the basic definition of the effective conductivity k * given by
where the angular brackets denote the volume averages over the unit cell ⍀
Hdx. ͑56͒
To proceed, using the divergence theorem, ͑2͒, and the continuity condition of , it is readily seen that ͗H͘ = Ei. Next, to derive ͗q 1 ͘, we can write
͑57͒
Note that in deriving ͑57͒, we have employed the conditions that the flux tensor is divergenceless and the normal component of the flux is continuous across the interface. Apart from these conditions, no further conditions are invoked. Since q i n i = 0 on the surfaces ABBЈAЈ, DCCЈDЈ, ABCD, and AЈBЈCЈDЈ, we have
The effective conductivity k 11 * is then found from the ratio ͗q 1 ͘ / E. To find this ratio, we adopt Rayleigh's method, which makes use of Green's second identity over the matrix region ⍀ \ V. This will give 4 − abc
where n = 1, 2, and 4 for the simple orthorhombic, bodycentered orthorhombic, and face-centered orthorhombic lattice structures, respectively. Hence we have
To evaluate the quantity B 1,0 / E, we need to truncate ͑51͒ at some finite order and the effective conductivity k 11 * of the composite follows the formula
For example, for a first-order approximation M = 1, the coefficient D has the form 093702-6
͑62͒
This exactly agrees with the Maxwell-Garnett formula. 27 For a second-order approximation M = 2, the coefficient D is found as
where the coefficients a 1 and a 2 are listed in Table I . When a higher-order approximation M is considered, the expression D becomes tedious. Here we derive a formula for M =3,
where Table II . We mention that the coefficients T l are given in ͑24͒ for spherically transversely isotropic spheres, in ͑37͒ for generally graded inclusions, and in ͑48͒ for exponentially graded inclusions.
IV. RESULTS AND DISCUSSIONS
Here numerical results are presented for potential fields and effective conductivities of composites consisting of spherical inclusions with three cubic lattice structures. The numerical calculations are first verified with the known solutions for systems with isotropic constituents. Our results agree very well with the numerical solutions. 8 Next, we consider that the inclusions are spherically transversely isotropic. The first task is to examine the satisfaction of periodic boundary conditions ͑2͒. In the numerical illustration, we consider a system with f = 0.2, k r / k m = 4, and k / k m = 8. The linear system ͑51͒ is truncated at M = 15. In comparison with the exact boundary condition, the maximum errors occur at the corners of the unit cell and are within the satisfactory range of 10 −3 for the potential. In Fig. 2 , we demonstrate the potential contours for a system with homogeneous spherically transversely isotropic spheres. The potential contours for the cases of k r Ͻ k and k r Ͼ k are rather different. One tends to deviate from the origin and the other moves towards the center of the sphere. A potential plot for a system with doubly coated spheres are illustrated in Fig. 3 . It is seen that the temperature potential is continuous across the interface. For the exponentially graded inclusions, we illustrate the variation of ␤ versus the effective conductivity for various ranges of volume concentration. When ␤ = 0, the inclusion becomes homogeneous. The shell of the sphere is more conductive than that of the core for the cases of ␤ Ͼ 0, and conversely for ␤ Ͻ 0. The variation of ␤ versus the effective conductivity is demonstrated in Fig. 4 . In Fig. 5 , we plot the potential contour for a system with isotropic, exponentially graded spheres. Two different grading factors, ␤ = 5 and ␤ = −5, are illustrated. The main difference of the contour pattern appears in the inclusions.
In our previous work, 14 which considered a periodic array of cylindrically orthotropic cylinders, we have shown 
that the cylindrically orthotropic inclusions can be effectively represented by homogeneous isotropic cylinders with an equivalent conductivity given by k e = ͱ k r k . For the present spherically transversely isotropic spheres, it is, however, not possible to find an equivalent isotropic particle to represent the considered inclusions for the periodic composite. The reason is that the neutrality condition of a spherically transversely isotropic inclusion depends on the order of the boundary fields. For example, when the applied field ͑bound-ary condition͒ is of linear order, the spherical inclusion behaves neutrally in a medium with conductivity given by 6 k e = k r 2 ͓− 1 + ͱ 1 + 8͑k /k r ͔͒.
͑66͒
For a matrix field with a different order, the expression k e will take a different form. For the periodic composite, the boundary fields ͑i.e., the temperature potential on the boundary of the unit cell͒ are composed of various orders of positions and thus one cannot find a single isotropic inclusion to replace the spherically transversely isotropic one. However, it should be mentioned that, under a few micromechanical models, such as the dilute approximation, composite sphere assemblages, or the Mori-Tanaka method, which involve the auxiliary boundary value problem of a solitary inhomogeneity embedded in an infinite matrix or in some matrix shell subjected to a homogeneous boundary condition, it is indeed possible to represent the spherically anisotropic inclusion by a homogeneous one with an equivalent conductivity ͑66͒; see also the related studies. 28, 29 The underlying reason is due to the fact that the boundary field is of linear order.
V. CONCLUSION
In summary, we have applied Rayleigh's formalism to estimate the effective behavior and local fields of composites with three different lattice structures of spheres. Detailed formulations are presented for multicoated spheres, generally graded spheres, and exponentially graded spheres. Although the formulation may seem cumbersome in mathematics, the key terms to estimate the effective conductivity can be expressed in simple forms through the scalar coefficients T l . These analytic expressions of T l provide a simple guideline for the evaluation of various effects of the constituent properties and thereby can be used to develop criteria for choosing the base combination of different constituent materials to achieve specific purposes in a unified manner. The admissible potentials for the inclusions and the matrix are calculated within sufficient accuracy for simple cubic, bodycentered cubic, and face-centered cubic arrays. We have demonstrated that the anisotropy of the inclusion has a dramatic effect on the potentials inside the inclusion. The derived solutions could be of interest to different fields of physics dealing with effective conductivity of heterogeneous media.
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